. Meromorphic function that share a set of small functions with its derivative, Mat. Stud. 46 (2016), 130-136. In this paper, we investigate the uniqueness problem of meromorphic function that share a set of small functions with its derivative and obtain some results which improve and generalize the recent results due to S. Majumder [Arab J. Math. Sci., 22 (2016), 265-274].
1. Introduction, definitions and results. In this paper, by meromorphic function we shall always mean meromorphic function in the complex plane. We shall use the standard notations of the Nevanlinna theory of meromorphic functions as explained in [7] , [14] , and [18] . For a nonconstant meromorphic function f , we denote by T (r, f ) the Nevanlinna characteristic function of f and by S(r, f ) any quantity satisfying S(r, f ) = o{T (r, f )} for r → +∞ outside a possible exceptional set of finite logarithmic measure. We denote by S(f ) the family of all small functions α of meromorphic function f satisfying T (r, α) = S(r, f ). Let f and g be two nonconstant meromorphic functions. If E(S, f ) = E(S, g), we say that f and g share the set S CM and if E(S, f ) = E(S, g), we say that f and g share the set S IM. Especially, if S = {α}, we say that f and g share the value α
CM if E(S, f ) = E(S, g) and α IM if E(S, f ) = E(S, g).
Many research works on entire and meromorphic function f and its derivative f (k) have been done by many mathematicians in the world (see [2] , [5] , [11] , [15] , [17] , [19] , [21] ). Recently, there have been an increasing interest in studying entire and meromorphic functions sharing a set of small functions with their derivative. In this direction we need the following definitions.
Definition 1 ( [8, 9] ). Let f be a nonconstant meromorphic function and a ∈ C ∪ {∞}. For a positive integer k, we denote by N k) (r, a; f ) the counting function of those a-points of f whose multiplicities are not greater than k and by N k) (r, a; f ) the corresponding reduced counting function. We denote N (k+1 (r, a; f ) by the counting function of those a-points of f whose multiplicities are greater than k and N (k+1 (r, a; f ) by the corresponding reduced counting function.
Definition 2 ([9]
). Let f be a nonconstant meromorphic function and k be a positive integer or infinity. For a ∈ C ∪ {∞}, we denote by N k (r, a; f ) the counting function of a-points of f , where an a-point of multiplicity m is counted m times if m ≤ k and k times if m > k. Then
Clearly N 1 (r, a; f ) = N (r, a; f ).
In 1996, the following conjecture was proposed by R. Brück ([3] 
for some nonzero constant c, where ρ 1 (f ) is the first iterated order of f defined by
In 1996, R. Brück ( 
Theorem B. Let f be a nonconstant meromorphic function and α(z)(̸
z , where c is a nonzero constant and λ k = 1.
In the same paper [20] the authors also proved the following result.
Theorem C. Let f be a nonconstant meromorphic function and α(z)(̸
z , where c is a nonzero constant and
In 2012, L. Sheng and G. Zongsheng ( [12] ) proved the following result. 
Theorem E. Let f be a nonconstant meromorphic function and α(z)(̸
Theorem F. Let f be a nonconstant meromorphic function and α(z)(̸
≡ 0, ∞) be a small function of f . Suppose n, k, s are positive integers such that n > 2k + s + 2. If f n P (f ) and (f n P (f )) (k) share α(z) IM, then the conclusion of Theorem E holds. Theorem G. Let f be a nonconstant meromorphic function such that N (r, ∞; f ) = S(r, f ), N (r, 0; f ) = O(N (2 (r, 0; f )) and α(z)(̸ ≡ 0, ∞) be a small function of f . Suppose n, k, s are positive integers such that n > k + s. If f n P (f ) and (f n P (f )) (k) share α(z) IM,
then the conclusion of Theorem E holds.
Regarding Theorems E-G, it is natural to ask the following question which is the motive of the present paper. In the paper our aim is to find the possible answer of the above question. We prove the following results which extend and improve Theorems E-G respectively. . If f n P (f ) and (f n P (f )) (k) share the set S m IM, then the conclusion of Theorem 1 holds.
Lemmas. Lemma 1 ([13])
. Let f be a nonconstant meromorphic function and a n (z)(̸ ≡ 0), a n−1 (z), . . . , a 1 (z), a 0 (z) be meromorphic functions such that T (r, a i (z)) = S(r, f ) for i = 0, 1, 2, . . . , n. Then T (r, a n f n + a n−1 f n−1 + . . . Arguing similarly as in Lemma 2, we can get the following lemma. 
Lemma 2 ([10]). Let f be a nonconstant meromorphic function and n, k, s be positive integers such that
n ≥ k + 1. If f n P (f ) = {f n P (f )} (k) , then P (z) reduces to a nonzero monomial, namely P (z) = a i z i ̸ ≡ 0 for some i ∈ {0, 1, . . . s}; and f n+i ≡ (f n+i ) (k) ,
Lemma 3. Let f be a nonconstant meromorphic function and n, k, m be positive integers such that
n ≥ k + 1 m . If {f n P (f )} m = [{f n P (f )} (k) ] m , then P (z) reduces to a nonzero monomial, namely P (z) = a i z i ̸ ≡ 0 for some i ∈ {0, 1
Proof of the theorems.
Proof of Theorem 1.
and
. Since f n P (f ) and {f n P (f )} (k) share S m CM, F and G share 1 CM except the zeros and poles of α(z), and so N (r, 1; F ) = N (r, 1; G) + S(r, f ). Let
We now discuss following two cases:
. Integrating we obtain
where c is a nonzero constant. It is obvious from (2) that N (r, ∞; f ) = S(r, f ). If c ̸ = 1, then using Lemma 1 and (2) we obtain
This gives nT (r, f ) ≤ kN (r, 0; f ) + S(r, f ), a contradiction as n > k + . Therefore, we have c = 1 and hence from (2) we have F = G. Now the conclusion of the theorem follows from Lemma 3.
Now from (1), we obtain
Now (3), (4) and Lemma 1 together yields
We now consider the function
Clearly U ̸ ≡ 0 and
Since
, we obtain from (6)-(8)
This gives N (r, 0; f ) ≤ N (r, ∞; f ) + S(r, f ). Using this in (5), we get nT (r, f ) ≤ (k + . This completes the proof of Theorem 1.
Proof of Theorem 2. Let F , G, F 1 and G 1 be similarly defined as in Theorem 1. Since f n P (f ) and {f n P (f )} (k) share the set S m IM, F and G share 1 IM except the zeros and poles of α(z), and hence N (r, 1; F ) = N (r, 1; G) + S(r, f ). We assume that F ̸ ≡ G. Now
Using (9), Lemma 1 and the second fundamental theorem of Nevanlinna, we obtain
This gives (mn−2mk−s−2)T (r, f ) ≤ S(r, f ), a contradiction with the fact that n > 2k+ s+2 m . Therefore F = G. Now the conclusion follows from Lemma 3.
Proof of Theorem 3. Let F , G, F 1 and G 1 be defined similarly as in Theorem 1. Since f n P (f ) and {f n P (f )} (k) share the set S m IM, F and G share 1 IM except the zeros and poles of α(z), and hence N (r, 1; F ) = N (r, 1; G) + S(r, f ). Let us consider the function
We now discuss following two cases: Therefore by the assumption of the theorem we have N (r, 0; f ) = O(N (2 (r, 0; f )) = S(r, f ). Thus we obtain T (r, f ) = S(r, f ), which is not possible.
Case (ii). Suppose W = 0. This gives F = G and the result follows from Lemma 3.
